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condition which is responsible for the derivation of the nilpotent (anti-)BRST 
symmetry transformations for the gauge and (anti-)ghost fields of a (3 + 1)- 
dimensional (4D) interacting 1-form non-Abelian gauge theory in the frame- 
work of the usual superfield approach to Becchi-Rouet-Stora-Tyutin (BRST) 
formalism. The above covariant horizontality condition is replaced by a gauge 
invariant restriction on the (4, 2)-dimensional supermanifold, parameterized 
by a set of four spacetime coordinates x'^{fj, = 0, 1, 2, 3) and a pair of Grass- 
mannian variables 6 and 6. The latter condition enables us to derive the 
nilpotent (anti-)BRST symmetry transformations for all the fields of an in- 
teracting 1-form 4D non-Abelian gauge theory where there is an explicit cou- 
pling between the gauge field and the Dirac fields. The key differences and 
striking similarities between the above two conditions are pointed out clearly. 
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1 Introduction 



The celebrated horizontality condition plays a key role in the usual super- 
field approach [1-6] to BRST formalism when the latter is applied to the 
p-form {p = 1,2,3,...) (non-)Abelian gauge theories. To be more specific 
and precise, in the framework of the usual superfield approach to a given 
D-dimensional p-form Abelian gauge theory, a (p -|- l)-form super curvature 
^(p+i) — dA^) is constructed with the help of the super exterior derivative 
d = dx^d^+dOde+dOdfj (with = 0) and the super p-form connection A^p^ on 
a {D, 2)-dimcnsional supermanifold that is parameterized by the D-number of 
commuting spacetime variables a;^ (with /j, = 0,1, 2...D — 1) and a pair of an- 
ticommuting Grassmannian variables 9 and 9 (i.e. 9'^ — 9'^ — 0, 99 + 99 — 0). 
This super curvature is subsequently equated to the ordinary (p -|- l)-form 
curvature F^~^^^ — dA^^ of the given D-dimensional Abelian p-form gauge 
theory which is constructed with the help of the ordinary exterior derivative 
d = dx^dj^ (with d^ = 0) and the ordinary p-form connection A^p\ The 
process of reduction of the (p -|- l)-form super curvature to the ordinary 
(p -I- l)-form curvature (through the equahty = is known as 

the horizontality condition which has been christened as the soul-fiatness 
condition ^ by Nakanishi and Ojima [7]. 

The horizontality condition has also been applied to the physical 1-form 
non-Abelian gauge theory [3,4] where the super 2-form curvature F^^^ = 
^^4^^) -I- lA^^^ A A^^\ constructed with the help of the super exterior deriva- 
tive d and the super 1-form connection A^^^ (by exploiting the Maurer- 
Cartan equation), is equated to the ordinary non-Abelian curvature 2-form 
F^^) = dA^^^ + iA^^^ A A^^^ (where the ordinary exterior derivative d = dx^d^ 
and the ordinary 1-form connection is A^^'> — dx'^A^j). As is evident from 
our earlier discussion, the super 2-form curvature F^^^ is defined on the (4, 
2)-dimcnsional supermanifold and the ordinary 2-form curvature F"^^) is con- 
structed on the ordinary 4D spacetime manifold. The key point to be noted 
is that the horizontality condition is a covariant restriction on the gauge su- 
perfield of the (4, 2)-dimensional supermanifold because the ordinary 2-form 
curvature transforms covariantly under the non-Abelian gauge transforma- 
tion. This condition has been also exploited in the context of usual superfield 

^This condition primarily amounts to setting equal to zero all the Grassmannian compo- 
nents of the (p+l)-rank (anti) symmetric curvature tensor that constitutes the (p+l)-form 
super curvature f(p+i). The latter is defined on the (D, 2)-dimensional supermanifold. 
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approach to BRST symmetries for the gravitational gauge theories [4]. 

One of the most striking features of the horizontahty condition is the fact 
that it leads to the derivation of the nilpotent (anti-)BRST symmetry trans- 
formations for the gauge and (anti-)ghost fields of the Lagrangian density of 
an interacting non-Abelian gauge theory. It does not shed any light, however, 
on the derivation of the nilpotent (anti-)BRST symmetry transformations 
associated with the matter (e.g. Dirac) fields of the above interacting non- 
Abelian theory. Furthermore, it provides the geometrical origin and interpre- 
tations for (i) the existence of the (anti-)BRST symmetry transformations 
and corresponding (anti-)BRST charges, (ii) the nilpotcncy property associ- 
ated with the (anti-)BRST charges (and the (anti-)BRST symmetry trans- 
formations they generate), and (iii) the anticommutativity property of the 
(anti-)BRST charges and corresponding symmetry transformations. These 
beautiful geometrical interpretations, however, remain confined to only the 
gauge and (anti-)ghost fields of the (non-)Abelian theories. 

The above horizontahty condition has recently been augmented [8-16] 
so that one could derive the nilpotent (anti-)BRST symmetry transforma- 
tions associated with all the fields of a given (non-)Abelian gauge and/or 
a reparametrization invariant theories. These extended versions have been 
christened as the augmented superfield approach to BRST formalism [8-16] 
where, in addition to the horizontahty condition, a set of new restrictions is 
imposed on the appropriately chosen superfields of the supermanifolds. For 
instance, one invokes the equality of (i) the conserved quantities [8-13], and 
(ii) the gauge (i.e. BRST) invariant quantities (that owe their origin to the 
(super) covariant derivatives [14-17]) in the above extended versions of the 
usual superfield formalism. The former restriction (in the case of gauge the- 
ories and reparametrization invariant theories) leads to a logically consistent 
derivation [12,13] of the nilpotent symmetry transformations for the matter 
(or its analogous) fields whereas the latter restriction, for the case of C/(l) 
and SU{N) gauge theories, yields mathematically exact nilpotent symmetry 
transformations for the matter (e.g. Dirac, complex scalar) fields [14-16]. 
One of the interesting features of these extensions is the fact that the ge- 
ometrical interpretations for the (anti-)BRST symmetries and (anti-)BRST 
charges, found due to the application of horizontahty condition alone, re- 
main intact (even in this augmented superfield formalism). However, in all 
the above endeavours [8-16], one has to exploit both the restrictions (i.e. the 
horizontahty and the additional conditions) separately and independently for 
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the derivation of all the nilpotent (anti-)BRST symmetry transformations 
corresponding to all the fields of the theory. 

The purpose of our present paper is to derive the on-shell as well as off- 
shell nilpotent (anti-)BRST symmetry transformations for all the fields of a 
specific set of Lagrangian densities of a 4D 1-form interacting non-Abelian 
gauge theory by exploiting a single gauge invariant restriction on the matter 
superfields of the super manifolds. In the process, we obtain all the results 
of the horizontality condition and, on top of it, we obtain the (anti-)BRST 
symmetry transformations for the matter (Dirac) fields without spoiling the 
geometrical interpretations of the nilpotent (anti-)BRST symmetry trans- 
formations (and corresponding generators) emerging due to the horizontal- 
ity condition alone. First, as a warm up exercise, we derive the on-shell 
nilpotent symmetry transformations for all the fields of a given Lagrangian 
density of the 4D non-Abelian gauge theory by exploiting a gauge invariant 
restriction on the chiral matter superfields of the (4, l)-dimensional chiral 
supermanifold and pinpoint its striking similarities and key differences with 
the horizontality condition. Later on, we generalize this discussion to the 
general supermanifold and derive the off-shell nilpotent (anti-)BRST trans- 
formations for all the fields of a given non-Abelian theory. We demonstrate 
that the gauge (i.e. BRST) invariant restriction on the matter superfields 
of the supermanifold(s) is superior to the covariant horizontality restriction 
imposed on those very supermanifold (s). To the best of our knowledge, the 
BRST invariant restriction, invoked in our present paper, has never been 
exploited in the context of superfield approach to BRST formalism (except 
in our earlier paper on the interacting Abelian gauge theory [17]). Thus, our 
present endeavour is an important step forward in the direction of simplify- 
ing and refining the usual superfield approach [1-7] as well as the augmented 
superfield formahsm [8-16] apphed to the BRST formulation of the 1-form 
interacting (non-)Abelian gauge theories. 

Our present paper is organized as follows. In section 2, we discuss the bare 
essentials of the (anti-)BRST symmetry transformations for the 4D 1-form 
interacting non-Abelian gauge theory in the Lagrangian formulation to set up 
the notations and conventions. Section 3 is devoted to the derivation of the 
on-shell nilpotent BRST symmetry transformations for all the fields of the 
non-Abelian theory by exploiting a gauge (i.e. BRST) invariant restriction 
on the chiral matter superfields of the (4, 1) -dimensional chiral super sub- 
manifold. The off-shell nilpotent (anti-)BRST symmetry transformations for 
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all the fields are derived in section 4 where (i) a general set of superfields 
are considered on the general (4, 2)-dimensional supermanifold, and (ii) a 
gauge (i.e. BRST) invariant restriction is imposed on the matter superfields 
of the above supermanifold. Finally, in section 5, we make some concluding 
remarks, point out some key differences between the horizontality condition 
and our gauge invariant restriction and mention a few future directions for 
further investigations. 

2 Preliminary: nilpotent symmetry transfor- 
mations in Lagrangian formulation 

Let us begin with the BRST invariant Lagrangian density of the physical four 
(3 + l)-dimensional non-Abelian 1-form interacting gauge theory where there 
is a coupling between the gauge field and the Dirac fields. This Lagrangian 
density, in the Feynman gauge, is ^ [7,18,19] 

A = - ^i^M. ■ F^'' + ^Pit^D^ -m)ij + B- (d^A^^) + ^B-B- id^C ■ D^C, (1) 

where F^^, = d^Ay — d^A^ + x A^, is the field strength tensor for the 
Lie algebra valued non-Abelian gauge potential A^ = A'^^T"- that constitutes 
the 1-form A'-^-* as: A^^^ = dx^A'^^T"'. Here the generators T's obey the Lie 
algebra [T", T*] = f°-^'^T'^ for a given SU (N) group. The structure constant 
/"^■^ can be chosen to be totally antisymmetric in the indices a, b and c for a 
semi simple Lie group SU{N) [18]. The covariant derivatives Di^t/j — (d^ + 
iA^'')'iJj and D^C" = d^.C + if''^''AlC'' = a^C" + i(A^ x Cy are defined on 
the matter (quark) field ip and ghost field such that [D^, D^^jip = iF^yip 
and [D^, DJ\C'^ = i(F^y x C)". It will be noted that these definitions for F^j, 
agree with the Maurer-Cartan equation F^^) = dA^^'^ + iA^^'> AA^^'^ = ^ {dxf'A 
dx^)Fni, that defines the 2- form F^^^ which, ultimately, leads to the derivation 
of F^j,j,. In the above equation (1), are the Nakanishi-Lautrup auxiliary 

^We adopt here the conventions and notations such that the Minkowskian 4D metric 

ri^ip = diag (+1, ~1, — 1, — 1) is flat on the spacctimc manifold. The dot product and 
cross product between two non-null vectors i?" and 5" in the group space of SU{N) 
are: R - S = R^S" and {R x 5)" = f'^^R^S", respectively. Here the Greek indices 
/i, i^, p.... = 0, 1, 2, 3 stand for the spacctimc directions on the 4D Minkowski manifold and 
the Latin indices a,b,c = 1,2,3.... correspond to the SU{N) group indices. 
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fields and the anticommuting (i.e. (C")^ = {C^Y = 0, CC" + C'C' = 0, 
etc.) (anti-) ghost fields (C'")C" are required for the proof of unitarity in the 
1-form interacting non-Abelian gauge theory ^. Furthermore, the 7's are the 
usual 4x4 Dirac matrices in the physical 4D Minkowski space. 

The above Lagrangian density (1) respects the following off-shell nilpotent 
{si = 0) BRST symmetry transformations (s^) [7,18,19] 

si,A^ = D^C, SbC^-'-{C xC), SbC^iB, s^S = 0, 
Sb'ip = -ziC-T)ij, SbiJ = -i'ip{C-T), SbF^, = i{F^,xC). (2) 

The on-shell {d^D^^C = 0) nilpotent {§1 — 0) version of the above nilpotent 
symmetry transformations ( Sb), are 

hA, = D^C, hC = -'-{C X C), hC = -i{d,A^), 
h^^-i{C-T)i;, h^ = -iij{C-T), hF^, = i{F^,xC), (3) 
under which the following Lagrangian density 

-^{d,A^).{d,Af')-id,C-D^C, (4) 

changes to a total derivative (i.e. SbCf^ = —dfj^KOpA^) ■ D'^C]). It is straight- 
forward to check that (3) and (4) are derived from (2) and (1), respectively, 
by the substitution B — — This relation (i.e. B — —(9^ A'*)) emerges 

as the equation of motion from the Lagrangian density (1). 

The following off-shell nilpotent (s^^ = 0) version of the anti-BRST {sab) 
transformations (with SbSab + Sab^b = 0) : 

— — i — — — 

SabA^^D^C, SabC ^ --{C X C), SabC^iB, 

SabB = l{B X C), SabFf,^ = i{F^^ X C), SabB = 0, 

Sabi^ = -i{C ■T)i>, Sabif^ = -iif^iC -T), (5) 

"^For the proof of unitarity at a given order of perturbative computation, in the context 
of a given physical process involving the gauge field and the matter (quark) fields, it turns 

out that for each bosonic non-Abelian gauge field (gluon) loop diagram, a loop diagram 
formed by the fermionic (anti-) ghost fields alone, is required (see, e.g. [20]). 
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are the symmetry transformations for the following equivalent Lagrangians 

+ hB-B + B-B)-id^C-D''C, (6) 

-^F^'' -F^^ + ij {tYD^ -m)^P-B- {d^A^') 
^{B-B + B-B)-iD^C-d''C, (7) 

where another auxiliary field B has been introduced with the restriction B + 
B = — (C X C) (see, e.g. [21]). It can be checked that the anticommutativity 
property {sbSab + Sab^b = 0) between the (anti-)BRST transformations S(^a)b is 
true for any arbitrary field of the above Lagrangian densities. For the proof 
of this statement, one should also take into account SbB — i{B xC) which is 
not listed in (2). We emphasize that the on-shell version of the anti-BRST 
symmetry transformations, to the best of our knowledge, does not exist for 
all the above cited Lagrangian densities (see, e.g. [7,18,19]). 

All types of nilpotent (of order two) symmetry transformations, discussed 
and listed above, can be succinctly expressed in terms of the conserved and 
off-shell nilpotent (anti-)BRST charges Qr and the on-shell nilpotent BRST 
charge Qb, as given below 

s^S = -i [ S, Qr ]±, r^b,ab, SfeE = -i [ E, ]±- (8) 

Here the (+)— signs, as the subscripts on the square brackets, stand for the 
brackets to be the (anti) commutator for the generic field E = A^, C, C, ip, ip, 
B,B and E = Af^,C,C,ip,'ip (present in the above appropriate Lagrangian 
densities for the 1-form non-Abelian interacting theory) being (fcrmionic) 
bosonic in nature. For our discussions, the explicit forms of Qr (r = b, ab) 
and Qb are neither essential nor urgently needed but these can be derived by 
exploiting the Noether theorem (see, e.g., [7,18,19] for details). 
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3 On-shell nilpotent BRST symmetry 
transformations: superfield approach 

In this section, first of all, we take the chiral superfields Bj^^^x, 9), JF('^)(x, 9), 
9), 9), 9), defined on the (4, 1) -dimensional super sub- 

manifold of the general (4, 2)-dimcnsional supcrmanifold, as the generaliza- 
tion of the basic local fields C(x), C{x)^il){x)^ tp^x) of the Lagrangian 
density (4) which are defined on the 4D ordinary spacetime manifold. The 
super expansion of these chiral superfields, in terms of the above basic local 
fields of the Lagrangian density (4) , are as follows 

{Bl:^-T){x,9) = {A,-T){x) + 9{R,-T){x), 

{T^"^ ■T){x,9) = {C ■T){x) + i9 {Bi-T){x), 

(J^W-T)(x,^) = {C ■T){x) + t9 {B2-T){x), 

^W(a;,^) = ^{x) + i9 {bi-T){x), 

^'^x, 9) = ilj{x)+i9 (62 ■ T)(,r). (9) 

It is evident that, in the limit ^ — > 0, we retrieve the basic local fields of 
the Lagrangian density (4). In the above expansion, there are Lie algebra 
valued secondary fields i?^, -Bi, i?2, &2 which will be determined, in terms 
of the basic local fields of the Lagrangian density (4), by the gauge invariant 
restriction (sec, e.g., equation (10) below) on the chiral matter superfields. It 
will be noted that it is only the matter fields {■ilj{x),ijj{x) of the Lagrangian 
density (4) and their chiral superfield generalizations ^^'^\x,9), ^^'^\x,9) 
that are not Lie algebra valued. On the r.h.s. of the above expansion, 
all the fields are well-behaved local fields because they are functions of the 
4D coordinates x^ alone. Finally, the expansions in (9) arc such that the 
bosonic and fermionic degrees of freedom of the local fields do match. This 
is an essential requirement for the sanctity of a supersymmetric field theory. 

To derive the on-shell nilpotent BRST symmetry transformations (3) for 
all the local fields, present in the Lagrangian density (4), we begin with 
the following gauge (i.e. BRST) invariant restriction on the matter chiral 
superfields of the (4, l)-dimensional chiral super sub-manifold: 

¥''\x,9) :D|(e) ¥''\x,9) = ^(x) D D ^{x), (10) 

where (i) the chiral super sub-manifold is parameterized by four bosonic 
spacetime coordinates x^{ii = 0, 1,2,3) and a single Grassmannian variable 
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9, (ii) the ordinary covariant derivative D = dx^{d^ + iA^ ■ T) (on the r.h.s. 
of (10)) is defined on the ordinary 4D spacetime manifold, (iii) the chiral 
super covariant derivative is: 'D\{c) — d\(^c) "'"^^[(c)- Here the individual terms, 
present in the definition of chiral super covariant derivative i'i(c), are 

(i|(e) = dx>' + S d§, = (ixf" Bf (x, 6) + S T^"'^ (x, Q), (11) 

(iv) the explicit computation of the r.h.s. of equation (10), on the ordinary 
4D spacetime manifold, leads to 

i}{x) D D i){x) = i i^{x) F(^) i){x), 

F(2) = j^ {dx^ A dx'') {d^A, - d,A^ + iA^ X A,), (12) 

which is a gauge invariant quantity under the SU (N) non-Abelian transfor- 
mations: ijj ^Ui/j^iIj ^ iljU-\ ^ UF^'^^IJ-^ where U G SU{N), and (v) 
the definitions (11) are the chiral limit (i.e. ^ — > 0) of the general expressions 
for the super exterior derivative d = dx^dfj, + dOde + dOdg and super 1-form 
connection i^^) = rfx^i3^(a;, 6*, 9) + d9f{x, 9, 9) + d9J^{x, 9, 9) defined on the 
general (4, 2)-dimensional supermanifold (cf. section 4 below). 

It is clear from (12) that the r.h.s. of the gauge invariant restriction (10) 
yields only the coefficient of the 2-form differential {dx^Adx'^). The expansion 
of the l.h.s. would, however, lead to the coefficients of all the possible 2-form 
differentials on the (4, l)-dimensional chiral super sub-manifold. The explicit 
form of the expansion, on the l.h.s. of (10), yields 

{dx^" A dx'') {df, + i Bl^^) {d^ + i B^'^) ^^'^^ + {dxi" A dO) 

^('^^ [{d-e + i T^'^Xd^ + i Bl^^) -{d^ + i Bf){d-e + i J^^^)) ] ^^'^^ 

-{de A de) {dg + i T^''^){de + i T^"'^) (13) 

For algebraic convenience, it is advantageous to first focus on the explicit 
computation of the coefficient of {d9 A d9). This is 

-{d9 A d9) ^^"^ [ idgJ^^'^ - T^^^T^''^ ] (14) 

It is clear from the restriction (10) that the above coefficient should be set 
equal to zero. For *(=)(x, 9) 7^ 0, *(^)(x, 9) ^ 0, we have the following 

+ ^ {•^^'^•^^'^} = 0. (15) 
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Substituting the values from the chiral expansion (9) into the above expres- 
sion, we obtain the following 

iBi + -{CxC)+e{CxBi) = =^ Si = -hcxC), (BixC) = 0. (16) 

It is straightforward to note that, not only the condition {Bi x C) = 
is satisfied, wc also obtain the BRST transformation for the ghost field 
because the expansion for JF^'^) of (9) becomes: J-'^'^\x, 9) = C + 9{shC). 

We concentrate now on the exphcit computation of the coefficients of the 
2-form differential {dx^ A d9) . The final form of this expression is 

i{dx^ A d9) [dgBl^^ - d^T^"^ - iiBf.J^^"^]) (17) 

The restriction in (10) enforces the above coefficient to be zero. This require- 
ment leads to (with *W(x, 9) ^ 0, ^^''\x, 9)^Q): 

{R^ - D^C) - i 9 [D^B, + i{R^ X C)] = 0, (18) 

which implies that = D^C. Setting equal to zero the 9 part of the above 
equation, entails upon the restriction -D^[-Bi + |(C x C)] = which is readily 
satisfied due to the value of Bi quoted in (16). 

The most important piece of our present computation is the computation 
of the coefficient of the 2-form differential {dx^ A dx") from the l.h.s. As is 
evident from (13), with a httle bit of algebra, the first term becomes: 

I {dx^ A dx") ^^'^ {d^B^^ - d^Bf + 1 [B^;^^ , B'f^]) . (19) 

Substituting the explicit expressions for the expansions in (9), we obtain the 
following form of the above equation 

'-{dx^ A dx"") ( ^{x)F^,i,{x) + I 9 [V + ), (20) 
where the explicit forms of A^^ and B^^^ are 

A^. = i){x) {d^R, - d,R^ + i[A^, R,] - i[A,, R^]) ^{x), (21) 

B^, = ^(x) F^,bi-T + b2-T F^, iP{x). (22) 
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It is straightforward to note that the first term of (20) matches with the r.h.s. 
of the restriction in (10). With the substitution of i?^ = D^C, we obtain 
^/ii/ — i{FiJ.v X C). Ultimately, setting the 9 part of (20) equal to zero, leads 
to the following relationship ^ 

ij{x) (F^, X C) ij{x) + ij{x) F^,bi-T + b2-T F^, iP{x) = 0. (23) 

The above equation can be seen to be readily satisfied if we choose bi - T = 
— {C ■ T)'ip{x) and b2 ■ T = — ■?/'(x)(C ■ T). With the help of these values, it 
can be seen that the expansion for the matter superfields in (9) become 

^^'\x,e)^ip{x) + e {h^{x)), 

^^''\x, 9) = i^{x) + e {hi^{x)). (24) 

The above equation provides the geometrical interpretation for the on-shell 
nilpotent BRST transformation (and the corresponding on-shell nilpotent 
BRST charge Qb) as the translational generator [d/dO) along the Grassman- 
nian direction 9 of the (4, l)-dimensional chiral supermanifold (cf. equa- 
tion (8)). In fact, the process of translation of the chiral matter superfields 
'^'^'^\x,9) and ^^''\x,9) along the Grassmannian direction 9 results in the 
internal BRST transformation on the corresponding local matter fields 
'4){x) and '?/'(x) of the Lagrangian density (4) for the ordinary 4D theory. 

The above interpretation of the BRST transformation (and the corre- 
sponding generator Qb) is valid for all the other superfields of (9). In this con- 
nection, it will be noted that we have already computed Bi = — (1/2)(C x C) 
and Rn — D^^C from the restriction (10). However, we have not been able 
to say anything about the secondary field £)2- present in the expansion of 
At this juncture, the equation of motion B — —{d^A'^), derived from 

^It will be noted that the horizontality condition: = F^'^\ where Pl^^^ = dAj^ + 
A A'^l^ and F^^) = dA^'^^ + iA^'^^ A A^'^\ leads to the computation of the l.h.s. as: 
{l/2){dx>'Adx'')[F^^+i9{Ff,^xC)] whereas the r.h.s. is (1/2) {dxf" A dx''){F^^) alone. Here 
one does not set, the coefRcient of 9 part of the above equation, equal to zero because that 
would lead to an absurd result: {F^i, x C) = (which is not the case for our present 4D 
1-form interacting non-Abelian gauge theory). One circumvents this problem by stating 
that the kinetic energy term —(1/4) F'^'^ ■ F^u of the Lagrangian density remains invariant 
(see, e.g., [3,4]) if F^,^ — > F^j^ -|- z^(F^i/ x C). It should be emphasized that such kind 
of problem does not arise in our present attempt to derive the nilpotent (anti-)BRST 
symmetry transformations with the gauge invariant restriction (10). 
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the Lagrangian density (1), comes to our help as we have the freedom to 
choose B2 = B = — ((9^A^). All he above values, finally, imply the following 
expansions for the chiral superfields defined in (9), namely; 

J^(''\x,e) = C{x) + 9 i§bC{x)), 

P''\x,e) = c{x) + e {hc{x)), (25) 

which retain the geometrical interpretation of S5 (as well as Qb) as the trans- 
lational generator along the Grassmannian direction 6 of the chiral super- 
manifold. It will be noted that this conclusion was also drawn after (24). 
In other words, the local internal BRST transformations for the local ba- 
sic fields {Aij^{x) , C (x) , C (x)) of the Lagrangian density (1) is equivalent to 
the translation of the corresponding chiral superfields {B^^\x,9), J-^'^\x,9), 
JF(^)(x, 6) along the Grassmannian direction 6 of the (4. l)-dimcnsional chiral 
super sub-manifold of the general (4, 2)-dimensional supermanifold. 

4 Off-shell nilpotent (anti-)BRST symmetry 
transformations: superfield formalism 

In this section, we shall derive the off-shell nilpotent symmetry transforma- 
tions for all the fields of the (anti-)BRST invariant Lagrangian densities (6) 
and (7) by invoking the same restriction on the matter superfields as quoted 
in (10) but defined on the general (4, 2)-dimensional supermanifold: 

^(x, e,e)vv ^(x, e, e) = i^{x) d d v^(x), (26) 

where all the superfields and super covariant derivatives are parameterized by 
four x'^ (with = 0, 1, 2, 3)) spacetime coordinates and a pair of Grassman- 
nian variables and 6. For instance, in the definition of the super covariant 
derivative V — d-\- iA^^\ the individual terms are as follows 

d = dx^" d^, + dede + dO dg, 

i^^) = dx^ B^{x,e,e) + de^{x,e,e) + dej^{x,e,e). (27) 

The super expansions for the multiplet fields JF, in terms of the basic 

fields An,C,C as well as the secondary fields R^, R^^, S^, Bi, Bi, B2, B2, s,s , 
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on the (4, 2)-dimensional supermanifold, are [3,4] 

T{x,e,9) = C{x)+i9 Bi{x)+ie Bi{x)+iee s{x), 

^{x,e,e) = c{x) + ie B2{x) + ie B2{x) + iees{x), (28) 

where all the fields, in the above, are Lie algebra valued. In other words, for 
the sake of brevity, we have taken the notations B^j, = B^- T, Bi = Bi- T, etc. 
In the limit, {9, 6) 0, we retrieve all the basic local gauge and (anti-)ghost 
fields of the Lagrangian densities (1), (4), (6) and (7). On the r.h.s. of the 
above expansion, we can see that the fermionic and bosonic fields (and their 
degrees of freedom) do match. The super expansions for the fermionic matter 
superfields (^(x, 9, 9, ^{x, 9, 9) in (26), are as follows 

■^{x,9,9) = 'il){x)+i9iJ)^-T){x)+i9{h-T){x)+i99{f ■T){x), 
'ip{x,9,9) = 'ip{x)+i9{b2-T){x)+i9{b2-T){x)+i99{f-T){x), (29) 

where, it would be noted that, all the secondary fields are Lie algebra valued 
but the Dirac fields (and corresponding superfields) are not Lie algebra valued 

as is the case for these fields in the Lagrangian densities. 

It is clear that the r.h.s. of (26) (as discussed earlier), is equal to an 
SU{N) gauge invariant quantity iil>{x)F'^'^^ip[x) where the ordinary 2-form 
F(^) = ^{dx'^ A dx'^){d^Ay - dvA^i + iA^ x A^). The latter contains only a 
single wedge product of 2-form differentials (i.e. (dx'^ A dx^)) constituted by 
the spacetimc variables alone. However, the l.h.s. would produce all possible 
differentials of 2-form defined on the (4, 2)-dimensional supermanifold. To 
check this statement, let us first expand the l.h.s. of the gauge invariant 
restriction (26), in an explicit manner, as 

+ {dx^ A dx") ^ [{d^ + iB^) ((9^ + iB^)] * 

-{d9 A d9) ^ [{de + i^){de + iJ^ ] ^ 

-{d9 A d9) ^ [{d-e + iT){d-e + iJ^)] ^ 

-{d9 A d9) ^ [{d-e + iT) {de + iT) + {de + iT){d-Q + iT)] ^ 

-(rix^ A d9) ^> [{d^ + iB^){de + i^) - {de + t^){d^ + tB^)] ^ 

-{dx'' A d9) ^{d^ + iB^){d-e + ir) - {d-e + ir){d^ + iB^)] ^, (30) 

where the anticommutativity property of the matter superfield ^ with the 
Grassmannian variables 9 and 9 has been taken into account. 
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For algebraic convenience, it is useful to first compare the coefficients of 
the differentials {dO A d9), {dO A dO) and {d9 A dO) from the l.h.s. and r.h.s. 
of the gauge invariant restriction (26). It is obvious that, on the r.h.s., there 
are no such differentials. Thus, we have to set the above coefficients from the 
l.h.s. equal to zero. These requirements lead to the following relationships 

deT + iTT ^O^de^+ ^{^, T} = 0, 

dgJ" + iTT = ^ d-^T + J=} = 0, 

deT + B-qT + % {T, T} = 0, (31) 

when ^{x, 9, 9) ^ 0, ^{x, 9, 9) ^ 0. The above conditions lead to the follow- 
ing expressions for the secondary fields in terms of the basic fields: 

^2 = -^(C X (7), S = -i(S2XC'), 

S2X(5 = 0, (5 X s = i(52 X Ea), 

Si = -^(CxC), s = i(Si xC), 

SixC = 0, (C X s) = i(Si X Si), 

Si + S2 = -(CxC'), 

Cxs + sxC^ i{Bi X §2- BiX B2), 

s^i(CxB2-BiX C), s^i(CxB2-BiX C). (32) 

This equation (i.e. (32)) shows that explicit values of Bi,s,s and B2, in 
terms of the (anti-)ghost fields and auxiliary fields, can be computed and the 
rest of the above relations are consistent. To see the latter statement clearly, 
we have to set equal to zero the coefficients of the differentials {dx^ A d9) and 
{dx^ A d9). These conditions, for * 7^ and ^ 7^ 0, lead to 

d^J^-d§B^ + t[B^,T] = 0. (33) 

The outcome of the above conditions is listed below 

= D^C, = D^C, D^B2 + R^xC = {), 

= D^B2 + R^xC = D^Bi + Rf,xC, D^Bi + R^xC = Q, 
D^s = i{R^ X B^- R^x Bi + S^x C), 

D^s = i{R^xB2-R^xB2 + S^xC). (34) 
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It can be seen explicitly that all the above relationships are consistent with 
one-another. It is very interesting to pinpoint the fact that the restriction 
on the auxiliary fields of the Lagrangian densities (6) and (7), advocated by 
Curci and Farrari (i.e. B + B = —{C x C) ) [21], automatically emerges in 
our superfield approach if we identify Bi = B and B2 = B (cf. (32)). 

Finally, we concentrate on the computation of the coefficient of {d,x^/\dx^) 
from the l.h.s. of the gauge-invariant restriction (26). This can be explicitly 
expressed, after some algebraic simplification, as 

'-{dx^ A dx") *(x, e, e) {d^B, - d,B^ + i[B^, B,]) *(x, e, e). (35) 

We have to use, in the above, the super expansion of B^, \I', 'I' from equations 
(28) and (29). Finally, we obtain the following expression^ 

^ {dx^^ A dx"") [vSf^^v + ie L^, + ie Mi,, + iee n^,], (36) 

where the expressions for L^^, M^y and N^y, in full blaze of glory, are 

V = hFf.ui) - i)F^,M - tpiF^u X C)jjj, 

Ml,, = h2F,,,i^-i^F„,hi-i^{Fi,,xC)i^, 

Ni^u = /F^.V' + VSW-^V5(i^M-x(7)6i + ii/;(F^, xC)6i 

+ i^[Fi,, x{B2 + Cx C)]i; + ihF^M 

+ ihiF^^x 0)11^ -ih2F„M-ih2{F„,x 0)11;. (37) 

It is straightforward to check that the first term of (36) does match with 
the explicit computation of the r.h.s. (i.e. i'ipF'^'^^t/j) of the gauge invariant 
restriction (26). This implies immediately that L^^i^, M^^i^ and Nfj_i, must be 
set equal to zero. It is not very difficult to check that L^j, = and M^j^ — 
demand the following expressions for 6i,62,&i,&2; namely, 

h = -^{C-T), h = -{C-T)^, b2 = -^{C-T) h = -{C-T)^. (38) 



^It should be noted that, in the horizontaUty condition F^^^ = F^^\ the analogue of 

(35) from the l.h.s. yields ^{dxt" A dx'')[F^,„ + ie{Ff,^ x C) + ie{F^„ x C) - x B + 

F^iu X C X C)]. But, the r.h.s. is only ^{dx^ A dx'')Fiii,. One does not set here the 9,9 
and 66 parts equal to zero because these lead to absurd results. Rather, one gets rid of 
this problem by stating that the kinetic energy term — ^F^i, ■ F^'^ remains invariant under 
F^,. J),. + i9{F,,, xC)+ i6{Fi,, x C) - 9e{F,,, x B + F^,, x C x C) (see, e.g., [3,4]). 



15 



A few points, regarding the above solutions, are in order. First, a close look 
at the equation L^i, = shows that 62 and 61 should be proportional to ip 
and ■0, respectively. Second, to maintain the bosonic nature of 62 and bi, it is 
essential that a single fermion should be brought in, together with -i/j and 
Finally, the Lie algebra valuedness of 62 and bi requires that {C-T) should be 
brought in for the precise cancellation so that we obtain L^i^ = 0. Precisely 
similar kinds of arguments go into the determination of the solutions to the 
equation Mj^^ — 0. 

Finally, we would like to devote time on finding out the solutions to the 
condition N^j^^, = 0. First of all, it can be seen that we can exploit the values 
from (38) to simplify Nf^^. For instance, it can be noted that 

-ii^{F^,xC)b^-ib2{F^,xC)i^ = ii^{F^,xC,C}i^ = i7jj{F^,xCxC)7jj, (39) 

and exactly similar kind of counter terms (present in N^^^) 

i^l) {F^, X C) 61 + i 62 {F^. X C) = -i {F^, X C X C) V^, (40) 

add to zero. Out of the remaining terms, it can be seen that 

ihF^M - ib2F^M = ~^{F^u X C X Qi/:. (41) 
Thus, ultimately, we obtain the following surviving terms in Nf^^, 

fF^,'iP + 'iPF^,f + i'ip(F^,x{B, + ^CxC)) iP, (42) 

which immediately allows us to choose (with identification B2 = B) 

f^-i(B + ^CxC)^l;, f^i^l^{B + ^CxC), (43) 

so that N^i, = 0. Finally, the super expansions in (28) and (29), after inser- 
tion of the values from (32), (34), (38) and (43), become 

B^{x, e, 9) = A^{x) + 9{sabA^{x)) + 9{s,A^{x)) + 99{s,SabA^{x)), 
Tix,9,9) = Cix) + 9 {sabCix)) + 9 isbCix))+9 9 {sbSabC{x)), 
T{x,9,9) = C{x) + 9 {sabC{x)) + 9 {sbC{x))+99 {sbSabC{x)), 

■^{X,9,9) = i,{x)+9 {Sabi'^X^^+d {Sbt^{x))+9 9 {SbSab^{x)), 

^{x,9,9) = ^l){x) + 9 {sabi^{x)) + 9 {sb^{x))+9 9 {sbSab^{x)). (44) 
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The above expansions, once again, demonstrate the geometrical interpreta- 
tion of the (anti-)BRST symmetry transformations (and their corresponding 
generators Q(a)b) ^ the translational generators along the Grassmannian 
directions {6)6 of the (4, 2) -dimensional general supermanifold. Mathemat- 
ically, the nilpotency property (s^^j)^ = 0,Qfa)b — 0)) the anticommutativity 
property {sbSab + s^tSb = 0,Qb,Qab + QabQb = 0), etc., can be expressed in 
terms of the translational generators as 

d d 
Sb <^ Qb <^ Lim^^o^, Sab ^ Qab ^ Lim^^o^, 

sl = ^ Ql = ^ (Lim,^o^)' = 0, 

slb-0 ^ Ql,^0 ^ (Lim,-^o^)' = 0, 

SbSab + SabSb = ^ QbQab + QabQb = 4^ 

(Lim,^o^) (Lini^^o^) + (Lim.^o^) (Lim,-^o^) = 0. (45) 

This establishes the geometrical interpretations for all the mathematical 
properties associated with S(^a)b and Q(a)b- 



5 Conclusions 

One of the central results of our present investigation is the precise derivation 
of the full set of on-shell as well as off-shell nilpotent (anti-)BRST symmetry 
transformations associated with all the fields of a given 1-form 4D interacting 
non-Abelian gauge theory in the superficld formulation. These symmetries 
emerge from a single gauge (i.e. BRST) invariant restriction (cf. (10) and 
(26)) on the matter superfields defined on the appropriate super manifolds. 
The above restriction is a bold statement that the physical (i.e. BRST invari- 
ant) quantities should remain unaltered even in the presence of supersym- 
metric (Grassmannian) coordinates that appear in the superfield approach 
to BRST symmetries . This amounts to the requirement that all the wedge 
products (and otherwise too) of the Grassmannian variables, present in the 
definition of the above BRST invariant quantities (cf. (10), (26)), should be 
set equal to zero because the r.h.s. of the above quantities are without them. 

The above cited gauge (i.e. BRST) invariant quantities originate from 
the key properties associated with the (super) covariant derivatives and their 
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intimate connections with the definition of the curvature forms on the su- 
permanifolds. Some of the striking similarities and key differences between 
the horizontahty condition and our gauge invariant condition are as follows. 
First, both of them primarily owe their origin to the (super) cohomological 
operators d and d. Second, the geometrical origin and interpretations for the 
(anti-)BRST charges (and the nilpotent symmetry transformations they gen- 
erate) remain intact for the validity of both the conditions on the superfields. 
Third, whereas the horizontality condition is an SU {N) covariant restriction 
(because F^^^ UF^'^^U'^ where U G SU{N)), the other condition, as the 
name suggests, is an SU{N) gauge invariant condition. Fourth, the gauge 
(i.e. BRST) invariant restrictions in (10) and (26) are basically the gener- 
alization of the horizontality condition itself where the matter fields (and 
the corresponding superfields) have been brought into the picture so that 
these combinations could become the gauge (i.e. BRST) invariant quanti- 
ties. Finally, there is a very crucial logical (as well as mathematical) difference 
between the horizontality restriction and the gauge invariant restrictions in 
(10) and (26). This has been elaborated clearly and cogently in the footnotes 
before equations (23) and (36) of our present paper. 

It is worthwhile to mention that the gauge invariant restrictions in (10) 
and (26) are superior to (i) the horizontality condition applied in the context 
of the usual superfield formulation [1-7], and (ii) the consistent extensions of 
the horizontality condition in the case of the augmented superfield formalism 
[8-16]. This is due to the fact that (i) whereas the horizontality condition 
(modulo some logical mathematical questions) leads to the derivation of the 
nilpotent symmetry transformations for the gauge and (anti-)ghost fields, our 
gauge invariant restrictions yield all the symmetry transformations for all the 
fields, and (ii) whereas in the augmented superfield approach, the horizontal- 
ity condition and the additional restriction (s) are exploited separately and 
independently, one obtains all the nilpotent (anti-)BRST symmetry transfor- 
mations for all the fields in one stroke from the gauge invariant restrictions 
(exploited in (10) and (26) for the appropriately chosen matter superfields). 

The highlights of our present endeavour could be enumerated as follows. 
First of all, the restrictions in (10) and (26) are physically as well as aesthet- 
ically more appealing because they are BRST invariant. Second, these gauge 
(i.e. BRST) invariant restrictions on the superfields are more economical 
because they produce all the nilpotent symmetry transformations for all the 
fields of a given 1-form interacting (non-)Abelian gauge theory in one stroke. 
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Finally, these restrictions on supcrficlds have very sound mathematical basis 
at the conceptual level as well as at the algebraic level. Thus, in our entire 
computation, the thread of logical coherence runs through everywhere. 

It would be interesting to extend our prescription (e.g. equations (10) 
and (26)) to a different set of interacting systems so that, the idea proposed 
in our present investigation, can be put on a firmer footing. For instance, 
one can check the validity of the analogues of the restrictions (10) and (26) in 
the context of the interacting U{1) gauge theory where the charged complex 
scalar fields couple to the U{1) gauge field. It would be more challenging 
to test the usefulness and sanctity of our idea in the case of gravitational 
theories (see, e.g., [4] for earlier work) where supcrfield formulation has been 
applied to derive the nilpotent (anti-)BRST symmetries. These are some of 
the immediate issues that are presently under investigation and our results 
would be reported in our forthcoming future publications [22]. 
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